We consider the partition function of super Yang-Mills theories defined on T 2 × Σ g . This path integral can be computed by the localization. The one-loop determinant is evaluated by the elliptic genus. This elliptic genus gives trivial result in our calculation. As a result, we obtain a theory defined on the Riemann surface.
Introduction and Summary
Studying theories which are compactified on some lower dimensional manifolds often has a very interesting results. AGT correspondence [1, 2] is an example of such theories obtained by compactification of six-dimensional theory on Riemann surfaces. In the past works [3, 4] , we considered super Yang-Mills theories (SYM) defined on flat spacetime times the Riemann surface. This theory is twisted to preserve the supersymmetry on the curved space. In the case where the Riemann surface has a boundary we also consider the boundary condition for preserving the supersymmetry. So the localization method is valid for our case.
The localization method is a very useful technique to calculate the path integral for theories with supersymmetries. This technique has been studied for theories defined on various spaces [5, 6, 7, 8, 9, 10, 11, 12, 13, 14, 15, 16, 17] .
In this paper we would like to compute the partition function of such SYM defined on the product space of Riemann surfaces and flat space. To obtain the finite result we consider in this paper the Euclidean theory on compact space T 2 × Σ g . This partition function is defined by path integral:
The partition function on the torus is evaluated by an object called "elliptic genus." This quantities have been calculated in some examples [18, 19] . In this paper we treat two-dimensional superfields introduced in the previous paper [4] by following the method of [20] which treat the three-dimensional superfields to construct four-dimensional theory with a boundary. In our case we introduced the boundary on the curved space. Then the remaining symmetry is smaller than the case in [20] which treats the boundary on the flat space. In our case the remaining symmetry is two-dimensional N = (2, 2). We define the supersymmetry transformation to that these fields preserve the Wess-Zumino gauge. Using this supersymmetry we calculate the partition function by the localization method. In this paper the calculation is performed on the closed Riemann surface (no boundary) for simplicity.
For future works considering theories with boundaries is interesting. A geodesic boundary can be introduced so that the theory preserves the supersymmetry. The condition for preserving half of the supersymmetries on a closed Riemann surface is studied with various numbers of the supersymmetry in [3] . The N = (2,2) supersymmetry considered here is broken in the case of the boundary theory to half of it, namely, N = (1,1). The boundary conditions for various manifold is considered in [21, 22, 23, 24, 25, 26, 27, 28, 29, 30] . Localization on curved space with boundary is recently studied. For example, the partition functions and the Wilson loops are studied by localization on three-sphere and two-sphere case [31] .
Main result
In this paper the partition function of SYM on T 2 × Σ g is calculated. The integral on the torus is performed and the theory on the Riemann surface is obtained:
where u is the holonomy which is related to the components of the gauge field on the torus and moduli parameter as:
where A t and A s are the temporal and spatial components of the gauge field. The second integral in eq.(1.2) is performed over the moduli space which is defined by the fixed point of the localization and DΦ 0 is the measure on it. The integrand is the elliptic genus but it is equal to one in our result, that is, the one loop determinant is trivial. This is a similar situation to [14] , where SYM defined on S 2 × (3-manifold) is considered. Then, we see a similar reduction from 4d-theory defined on the product space to 2d theory on the Riemann surface:
On general surfaces with arbitrary genus g calculating the above integral seems to be very hard. For future work, I would like to calculate them in some simple cases, which is sphere S 2 for example, and will reveal the dependence of the theory on the geometry of the surface. This paper is organized as follows: In section 2 we define the superfields defined on the two-dimensional space. This is introduced in [4] but we now redefined it in the Euclidean case. We confirm this theory surely has 2d N = 2 supersymmetry. In section 3 using this supersymmetry, we identify the fixed points of localization. Evaluating the integrand at this point, the classical part of the partition function is obtained. The oneloop determinant is evaluated in section 4. We investigate the chiral multiplet part and the vector multiplet part separately. Finally we see that the resulting partition function represents the theory localized on the Riemann surface. Appendix A gives the definition of eta and theta functions used in the paper.
2 Construction by the two-dimensional superfields
Setup
First we review the setup of the four-dimensional SYM with N = 4 supersymmetry. We consider SYM defined on T 2 × Σ g , where T 2 is the torus with complex structure τ and Σ g is the Riemann surface with genus g. Our theory consists of a four-dimensional gauge field A µ , µ = 0, 1, 2, 3, six scalars X A , A = 4, 5, · · · , 9 and the Majorana-Weyl spinor Ψ which satisfies Γ 0123456789 Ψ = Ψ.
To preserve some of supersymmetries on a curved manifold we twist the theory [3] . The twisted derivative is defined by the external gauge field A µ in SO(2) 3 ⊂ SO(6) Rsymmetry as
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A µ and A AB µ are related by the Gamma matrices:
where (A, B) takes values (4, 5), (6, 7), or (8, 9) .
The Minkowski action is given in [4] . In order to calculate the path integral we use the Euclidean one;
We use the Tr ′ normalized as Tr ′ = 1 h ∨ Tr ad where h ∨ is the dual Coxeter number. In the mass term, A = 4, 5 is singled out because the directions 4, 5 is related to the twisting. It is the same action used in [3] .
Action by 2d superfields
In this section we construct the Euclidean action (2.2) in terms of two-dimensional superfields defined on T 2 . First we define the coordinates on the spacetime. Let (x 0 , x 1 ) be coordinates on the torus and (x 2 , x 3 ) be those on the Riemann surface. The metric is
The indices m, n are used for the coordinates on the flat directions (on the torus) and the indices i, j are used for the curved space (the Riemann surface). h(x 2 , x 3 ) is the function so that it has constant curvature on the Riemann surface R = +2, 0, −2 for g = 0, g = 1, g ≥ 2, respectively. We use the sigma matrices in unsusual ordered as
We use the indices a, b to label the coordinates on the dimensional reduced directions: 6 and 8. It is more convenient to use this for this work. We denote M to summarize the coordinates on the torus and these space: M = 0, 1, 6, 8. We introduce two kinds of superfields -vector and chiral superfields. We need one vector superfield and three chiral superfields to realize the degrees of freedom of the 4d SYM. The vector superfield can be expanded as
We also use the linear multiplet defined by the vector superfield:
We used the supercovariant derivatives:
where
Supersymmetry charge are defined similarly:
The three chiral multiplet has the following expansion:
The gauge transformation of the vector superfield is defined in the usual way: 11) while that of chiral superfields is
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where Λ is a chiral superfield. The relation between these component fields and 4d SYM fields is shown in Table 1 . In this table the projection P 1± , P 2± decomposes 16-components of the fermion Ψ into four 4-component Weyl-spinors.
The Lagrangian by superfield formalism is given in [4] . Now we use the Euclidean action:
As shown in [4] this action gives the 4d SYM action (2.2).
2d fields 4d fields relation 
2d N = (2, 2) supersymmetry
We define supersymmetry transformation of superfields, δ S , by combining the usual one, ξQ +ξQ, and the gauge transformation (2.11) and (2.12) to preserve the Wess-Zumino gauge. Supersymmetry transformation for vector multiplet is expressed as follows in components:
where θ independent component of the chiral superfield can be set to zero, Λ 0 = 0. Here we defined the gauge covariant derivative as
Using the correspondence between superfields and 4d gauge fields (Table 1) , the SUSY transformation of the chiral superfields are rewritten as follows:
while for i = 2, 3,
Note that there are additional terms in the transformation of Φ 2 and Φ 3 compared to Φ 1 because of the strange gauge transformation for Φ 2 and Φ 3 (2.12b). This component expression represents gauge invariance manifestly. The gauge covariant derivative is defined as 6, 8) . Note that for a directions it is simply a commutator ∇ a = [v a , * ].
Localization
Now the Lagrangian is expressed by the exact form since it is the integral form d 2 θ(· · · ) as shown in eq.(2.13). Following the usual method of localization, the path integral is evaluated in the limit g YM → 0. The integral is localized to L bos = 0, where L bos is the bosonic part of the Lagrangian. Then the fixed locus is identified by completing the square:
The fixed point is obtained by demanding that each term is zero: 
At the locus satisfying (3.2), the Lagrangian is evaluated as Its bosonic part is
It gives the classical part of the partition function. In the below, we calculate the one-loop determinant.
One-loop determinant
The partition function is factorized into the classcal part which we evaluated in the previous section and the Gaussian integral around the localized locus. It is the one-loop determinant Z one-loop .
The one-loop determinant is evaluated by the quantity which is called "the elliptic genus " [32, 33, 18, 19] . In the previous section we saw the classical Lagrangian vaniches at the fixed point, L cl = 0. Then, the classical part of the partition function is trivial:
Let us perform the path integral on the torus to evaluate the one-loop part. This qunatity is the elliptic genus. The elliptic genus is defined as
where RR under the trace means the fermions have periodic boundary conditions, F is the fermion number, H L (R) is the left (right) moving hamiltonian:
is the left moving R-current and K a is flavor symmetry group, which is zero in our case. We defined the following variables:
q := e 2πiτ , y := e 2πiz , x a := e 2πiua . (4.3)
These are related to the complex structure, R-symmetry and flavor-symmetry, respectively. Let A R and A flavor be the R-symmetry and flavor-symmetry gauge fields. z and u a are related to them as
We choose the R-charge as Q[θ − ] = 1 and Q[θ + ] = 0. We calculate the one-loop part in the free field approximation. The free Lagrangian of the theory is
Chiral multiplet part
We introduced three chiral multiplets. In the following expression we denote the U(1) charge of the chiral multiplet as α. The chiral multiplet can be expanded by the generator of Cartan subalgebra and roots:
where a runs from 1 to N − 1 and α runs 1 to N 2 − N for gauge group SU(N ). By considering each components, for each root α the partition function is roughly,
where ∆ is the R-charge of the chiral multiplet. In the last expression we used theta function summarized in Appendix A. The Cartan part, α = 0, can be calculated in the similar way except for the zero mode, (the powers of y) = 0. This mode gives divergent. Then, we need to remove this mode to get a finite result by removing the mode corresponding n = 0. By the relation between theta and eta functions,
Removing the zero mode corresponds to replacing θ 1 in the numerator of the above partition function by η. Then, the elliptic genus for Φ 1 (∆ = 1) is
The elliptic genus for Φ 2 and Φ 3 (∆ = 0) is
Vector multiplet part
Vector multiplet has the components (v − , v + , σ, λ − , λ + , D). The charges of these fields are 0, 0, −1, 0, +1 and 0, respectively. The partition function of vector multiplet decomposes as
where the first factor is the contribution from the Cartan part of the Lie algebra and the second factor is the contribution form the off-diagonal part. The powers of r is derived from the rank of the gauge group; for example, N − 1 for SU(N ). The off-diagonal part consists of a product over root vectors:
The Cartan part is obtained by removing zero modes in the same way as chiral mutliplets:
(4.13)
Then the contribution from the vector multiplet is
. (4.14)
Whole result of the one loop determinant
We consider now three chiral multiplets and one vector multiplet. The whole result is given by the product of them: The first integral in eq.(4.16) is the integral of the holonomy defined in eq.(3.2). The second integral is over the moduli space defined by the localized condition (3.2). DΦ 0 is the measure on it. We performed the integral on the flat space part. Therefore, the dependence of the internal space, that is the Riemann surface, is expressed as the product in eq.(4.16).
The definition of the theta functions is In this paper we use the notation θ 1 (z|τ ) =: θ 1 (y, q) and Eta function (A.1) is written denotes as η(q). We use the useful formula which relates theta and eta functions: 
(A.5)
